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Life is a matter of interactions

• 2: Basic concepts on two-body interactions

• Scattering length


• Feshbach resonance


• 1+1: Let’s stay together

• How to cool them


• Basic experiment


• 3: Good/Bad things come in threes


• 4 and more: It’s time to party
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Two-body interactions

Elastic collision 
Energy conserved


Total angular momentum conserved

Inelastic collision 
Internal energy converted to kinetic energy (or viceversa)

Total angular momentum (internal + collisional) conserved
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Two-body interactions

Elastic collision 
Energy conserved


Total angular momentum conserved

Inelastic collision 
Internal energy converted to kinetic energy (or viceversa)

Total angular momentum (internal + collisional) conserved
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Symmetric wave-function
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Scattering length

||||||||||| |||||||||||

The scattering length is classically the size of 
the target


Quantum: Scattering between waves 
Outgoing scattered wave decomposed in 
spherical harmonics


For example: 


symmetric target -> symmetric output
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Scattering length

||||||||||| |||||||||||

The scattering length is classically the size of 
the target


Quantum: Scattering between waves 
Outgoing scattered wave decomposed in 
spherical harmonics


For example: 


symmetric target -> symmetric output


BB

B B

Identical particle 
Symmetric wave-function 

Only s-wave and even 

FF

F F

Identical particle 
Anti-symmetric wave-function 

Only p-wave and odd 

BFBF

BF BF

Distinct particle 
Whatever wave-function 

s-wave and all
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Interaction potential, the phase shift 
and the scattering length

δ0(k)

R

R

E

E

V0
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Interaction potential, the phase shift 
and the scattering length

a = − lim
k→0

δ0(k)
k

δ0(k)
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The role of the molecular potential

∝ − 1/r12

∝ 1/r6

Interaction potential 

=


Molecular potential

Which is the connection between bound states and scattering length?
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Scattering length tuning: Feshbach resonance
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Scattering length tuning: Feshbach resonance
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Scattering length tuning: Feshbach resonance

Cesium case 
in the lowest 

hyperfine state

B B

Considering only closed channels with same angular 
momentum of the entrance one
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Scattering length tuning: Feshbach resonance

Cesium case 
in the lowest 

hyperfine state

B B

Considering only closed channels with same angular 
momentum of the entrance one Considering also closed channels with different angular 

momentum compared to the entrance one
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Remember/1: the good and the bad

Elastic collision 
Energy conserved

Inelastic collision 
Internal energy converted to kinetic energy (or viceversa)

For each collision there will be: 
 

Elastic collision rate (good for evaporation) 
Inelastic collision rate (not necessary bad)
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Remember/2: Fermions
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Remember/2: Fermions

Forbidden in Fermions
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Remember/2: Fermions

Forbidden in Fermions

Identical Fermions do not come enough  
close to see each other below some temperature: 

 No collisions, no termalization
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Remember/2: Fermions

Forbidden in Fermions

Identical Fermions do not come enough  
close to see each other below some temperature: 

 No collisions, no termalization

Mixture of distinguishable fermion or together with a boson to allow evaporation
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There is even more about collisions 

• Scattering in pancakes and cigars (see Laurianne lecture)


• Dipolar gases (see Francesca lecture): 


• beyond van der Waals interactions: Magnetic and electric dipoles


• Rydberg atoms (see Hannes lecture): 


• Interactions between 


• a neutral atom and an ion 


• ground state atom and a Rydberg atoms
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Atomic spectra
Alkali
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Atomic spectra
Alkali
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Atomic spectra
Alkali

Lantanides

Alkali-earth
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A diatomic molecule is an atom too many 
Arthur Leonard Schawlow

Electronically ground state 

Singlet+Triplet

L=0


2 potential

Electronically excited state 

Singlet+Triplet

L=1


4 Potential 

4s+4p


4s+4s
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• No closed transition for laser cooling
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A diatomic molecule is an atom too many 
Arthur Leonard Schawlow

• No closed transition for laser cooling

Electronically ground state 

Singlet+Triplet

L=0


2 potential

1000 pages each

Electronically excited state 

Singlet+Triplet

L=1


4 Potential 

4s+4p


4s+4s


mJ


FTOT


+ couplings
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Cooling atoms and glueing

Cooling	 	

Advantage:  Start ultracold  
               (@ few hundred nK). 


Challenge:  Stay ultracold.

6000 K

 Chemistry
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Weakly bound Feshbach molecules

• good for understanding  
long range collisions,  
temperature effects, 
BEC-BCS…
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Why to go to the ground state?

• Stability of ground state molecules: We want to 
reach quantum degeneracy as for atoms


• Very large dipole moment coming from electron 
charge distribution: 
Long range dipole interactions


• Transfer from the weakly bound state to the 
ground state. 


• Challenges: - From very large to very small 
                    - Stay cold 
                    - THz Jump  
                           (no light, no MW, no RF) 
                    - Preserve quantum numbers 
                    - Choice not chemically reacting     
                       molecules
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STIRAP
• STImulated Rapid Adiabatic Passage

Coherent transfer from one state to a another.


Anti-intuitive sequence of pulses (to adiabatically rotate a dark state to the target one)

Bergmann: 


“It’s like when you have to 
take a bus to go to the 
airport, but the fastest 
way to reach the final 
destination is that the 
plane has to leave before 
you take the bus”

19
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STIRAP
• Two (or more) very stable laser  

(to remain in the dark state)


• Good spatial overlap between initial 
and intermediate and final state


• Good mixing of quantum numbers

Implemented with 4 photons (Cs in IBK)


and in many other atomic systems…
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Experiments with molecules

21
21/04/15

• Distinguishable fermions, Bosons

• Indistinguishable fermions

24µK

Repulsive side-by side collisions

Attractive head to tail collisions
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• Changing chemical reaction speed with an E and B field
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• Study of chemical reactions
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Experiments with molecules
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21/04/15
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• Indistinguishable fermions

24µK

Repulsive side-by side collisions

Attractive head to tail collisions

+_+_

+
_

+
_

Chemistry!

0.00 0.05 0.10 0.15 0.20

10-12

10-11

10-10

10-9

 3D 
 2D

 β
3D

 (c
m

3 s-1
)

  

Dipole moment (D)

• Changing chemical reaction speed with an E and B field


• Recently evidences of degenerate fermi gases of KRb (Jila) and 
NaK (Munich)


• Recent development: Molecules in tweezers for quantum 
computation, analysis of losses with mass spectrometer…
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Tuning knobs for molecules
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Advance in cooling of large molecules

• Alkali-like molecules (one electron localised on one side)


•

Stark decelerator: very fast ground state 
molecule thanks to buffer gas cooling, but one 
have to brake them…

T = 1 mK

n ~ 108/cm3 

    Chemistry                                   
(Prepare molecules)            


Cooling
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Three-body: The origin of the problem
• Classical problem has solutions only for special cases (one of the 

participant is small, Lagrange points)


• Quantum case: 3He, deuteron and adrons. No tuning knobs
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Efimov state

energy&

a/1

Halo !
dimer!E3B$=$E3B(a,$Φ)$

a < 0 a > 0 

Efimov 
Trimer

Efimov considered very large scattering length  

Efimov, V. (1970). "Energy levels arising from resonant two-body forces in a three-body system". Physics Letters B. 33 (8): 563–564.
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Efimov state

One parameters and 
the complete spectrum 

is defined
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Three-body states and losses
• Efimov state is behind a centrifugal barrier


• We can tune entrance by changing the 
scattering length (i.e. the energy of the 
entering atoms)


• What enters decay fast into low lying 
molecular state


energy&

a/1

Halo !
dimer!E3B$=$E3B(a,$Φ)$
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Three-body states and losses

Innsbruck 2006

T. Kraemer et al (2006). "Evidence for Efimov quantum states in an ultracold gas of caesium atoms". Nature. 440 (7082): 315–318
28
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2+1 and Efimov state association

1st ET 

 2nd ET 

1/515

22.7 ++

+

-a-

a*

a+a*

+
- Loss minimum

Loss maximum

Li, K, Cs, Rb,
 Rb+Cs

Li, K, Cs
Li, K

Li,Cs

Li
,C

s

Phys. Rev. Lett. 106, 143201

Science 330, 940 (2010)
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Universality
plus the square of the Yukawa function for the two-valence
neutrons.

The square of the Yukawa function is known to be a
good approximation to the shape of a single-particle den-
sity at the outer region of a core with centrifugal barriers.
The assumed density is expressed as

!pðrÞ ¼ HO; !nðrÞ ¼
!
HO ðr $ rcÞ
!0 expð%"rÞ=r2 ðr > rcÞ;

(1)

where rc is the critical radius at which the HO function
crosses with the square of the Yukawa function and " is the
asymptotic slope of the tail, " ¼ 2

ffiffiffiffiffiffiffiffiffiffi
2#$

p
=@, where #

denotes the reduced mass of a single neutron and 20C.
We fixed $ to be S2n=2 ¼ 210 keV, or Sn ¼ 750 keV
[7]. The width parameter (aHO) of the core, chosen to be
2.22 fm so as to reproduce the present %R data of 20Cþ p,
is common to both protons and neutrons. The rc value was
used as a parameter. The resultant ~rm value with $ ¼ S2n=2
was 5:4' 0:9 fm for rc ¼ 5:39 fm and that with $ ¼ Sn
was 5:0' 0:8 fm for rc ¼ 3:90 fm, respectively, so as to
reproduce the present %R data of 22Cþ p. It should be
noted that both results overlap within their error bars. The
result is displayed in Fig. 2. It can be seen that the ~rm of 22C
does not follow the systematic behavior of radii in carbon
isotopes with N $ 14, suggesting a neutron halo.

We may not exclude the possibility that the large %R and
the radius of 5.4 fm are due to a deformation effect.
According to the ‘‘pairing-plus-quadrupole’’ model [25],
where the nuclear shapes are parameterized as rotational
ellipsoids with the deformation limited to the quadrupole

contribution, the spherical part of the nuclear radius (~rsph:m )

is increased by a factor of
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ 5

4&'
2
2Þ

q
. If the moderate

deformation of '2 (%0:258 predicted by the deformed
Skyrme Hartree-Fock model [26] is used, the increase is
only 1.3%. Hence it seems that the large radius is probably
not due to a deformation effect.
We then studied whether the configuration of two-

valence neutrons is ð0d5=2Þ2J¼0 or ð1s1=2Þ2J¼0, i.e.,
’ðr1; r2Þ ¼ ½(jðr1Þ(jðr2Þ*J¼0, where j ¼ 0d5=2 or 1s1=2.
We calculated %R with the FB approach under the finite-
range treatment as a function of the s-wave spectroscopic
factor f (the relative ratio of the wave function of
ð0d5=2Þ2J¼0 or ð1s1=2Þ2J¼0) in the following expression:

’ðr1; r2Þ ¼ f
ffiffiffi
f

p
½(1s1=2ðr1Þ(1s1=2ðr2Þ*J¼0

þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1% f

p
½(0d5=2ðr1Þ(0d5=2ðr2Þ*J¼0g: (2)

In the analysis, each wave function (0d5=2ðrÞ and (1s1=2ðrÞ
was obtained by solving the Schrödinger equation in a
Woods-Saxon potential for a given value of S2n=2, with a
diffuseness parameter of 0.6 fm and a radius parameter of
1:2A1=3 fm. As for the core of 20C, we took the HO density
distribution with aHO ¼ 2:22 fm for both protons and
neutrons.
In Fig. 3, %R for f ¼ 1:0 and that for f ¼ 0:0 are

plotted, for two different values of S2n. It can be seen
from the figure that the discrepancy between the measured
%R and calculated %R for f ¼ 0:0 is much larger than that
for f ¼ 1:0 with S2n ¼ 420 keV (dashed lines). It de-
creases if we take S2n ¼ 10 keV instead (solid lines).
The pure 1s1=2 wave function (f ¼ 1:0) with S2n ¼
10 keV reproduced the measured %R for 22C within the
error bar of the experimental value. This indicates that two-
valence neutrons in 22C preferentially occupy the 1s1=2
orbital. The s-wave dominance is consistent with a theo-
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FIG. 2. The ~rm as a function of the neutron number of C
isotopes. The filled square and circles show the present result
and those determined at GSI [14], respectively, while open
symbols are the result of the calculation [22]. The lines connect
the open circles. The inset shows !pðrÞ (solid line) and !nðrÞ
(dotted line) of 22C for the determined parameter. See text.
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FIG. 3 (color). The %R for f ¼ 1:0 (red triangles) and that for
f ¼ 0:0 (blue triangles), with S2n ¼ 420 keV (open symbols)
and S2n ¼ 10 keV (closed symbols), respectively. The lines are
to guide the eye. The experimental data (solid circles) as a
function of the mass number of C isotopes are also plotted.
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• Same atoms  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neutrons.

The square of the Yukawa function is known to be a
good approximation to the shape of a single-particle den-
sity at the outer region of a core with centrifugal barriers.
The assumed density is expressed as

!pðrÞ ¼ HO; !nðrÞ ¼
!
HO ðr $ rcÞ
!0 expð%"rÞ=r2 ðr > rcÞ;

(1)

where rc is the critical radius at which the HO function
crosses with the square of the Yukawa function and " is the
asymptotic slope of the tail, " ¼ 2

ffiffiffiffiffiffiffiffiffiffi
2#$

p
=@, where #

denotes the reduced mass of a single neutron and 20C.
We fixed $ to be S2n=2 ¼ 210 keV, or Sn ¼ 750 keV
[7]. The width parameter (aHO) of the core, chosen to be
2.22 fm so as to reproduce the present %R data of 20Cþ p,
is common to both protons and neutrons. The rc value was
used as a parameter. The resultant ~rm value with $ ¼ S2n=2
was 5:4' 0:9 fm for rc ¼ 5:39 fm and that with $ ¼ Sn
was 5:0' 0:8 fm for rc ¼ 3:90 fm, respectively, so as to
reproduce the present %R data of 22Cþ p. It should be
noted that both results overlap within their error bars. The
result is displayed in Fig. 2. It can be seen that the ~rm of 22C
does not follow the systematic behavior of radii in carbon
isotopes with N $ 14, suggesting a neutron halo.

We may not exclude the possibility that the large %R and
the radius of 5.4 fm are due to a deformation effect.
According to the ‘‘pairing-plus-quadrupole’’ model [25],
where the nuclear shapes are parameterized as rotational
ellipsoids with the deformation limited to the quadrupole

contribution, the spherical part of the nuclear radius (~rsph:m )

is increased by a factor of
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ 5

4&'
2
2Þ

q
. If the moderate

deformation of '2 (%0:258 predicted by the deformed
Skyrme Hartree-Fock model [26] is used, the increase is
only 1.3%. Hence it seems that the large radius is probably
not due to a deformation effect.
We then studied whether the configuration of two-

valence neutrons is ð0d5=2Þ2J¼0 or ð1s1=2Þ2J¼0, i.e.,
’ðr1; r2Þ ¼ ½(jðr1Þ(jðr2Þ*J¼0, where j ¼ 0d5=2 or 1s1=2.
We calculated %R with the FB approach under the finite-
range treatment as a function of the s-wave spectroscopic
factor f (the relative ratio of the wave function of
ð0d5=2Þ2J¼0 or ð1s1=2Þ2J¼0) in the following expression:

’ðr1; r2Þ ¼ f
ffiffiffi
f

p
½(1s1=2ðr1Þ(1s1=2ðr2Þ*J¼0

þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1% f

p
½(0d5=2ðr1Þ(0d5=2ðr2Þ*J¼0g: (2)

In the analysis, each wave function (0d5=2ðrÞ and (1s1=2ðrÞ
was obtained by solving the Schrödinger equation in a
Woods-Saxon potential for a given value of S2n=2, with a
diffuseness parameter of 0.6 fm and a radius parameter of
1:2A1=3 fm. As for the core of 20C, we took the HO density
distribution with aHO ¼ 2:22 fm for both protons and
neutrons.
In Fig. 3, %R for f ¼ 1:0 and that for f ¼ 0:0 are

plotted, for two different values of S2n. It can be seen
from the figure that the discrepancy between the measured
%R and calculated %R for f ¼ 0:0 is much larger than that
for f ¼ 1:0 with S2n ¼ 420 keV (dashed lines). It de-
creases if we take S2n ¼ 10 keV instead (solid lines).
The pure 1s1=2 wave function (f ¼ 1:0) with S2n ¼
10 keV reproduced the measured %R for 22C within the
error bar of the experimental value. This indicates that two-
valence neutrons in 22C preferentially occupy the 1s1=2
orbital. The s-wave dominance is consistent with a theo-
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FIG. 2. The ~rm as a function of the neutron number of C
isotopes. The filled square and circles show the present result
and those determined at GSI [14], respectively, while open
symbols are the result of the calculation [22]. The lines connect
the open circles. The inset shows !pðrÞ (solid line) and !nðrÞ
(dotted line) of 22C for the determined parameter. See text.

600 

800 

1000 

1200

1400

18 19 20 21 22 23

(m
b)

A

σ R

FIG. 3 (color). The %R for f ¼ 1:0 (red triangles) and that for
f ¼ 0:0 (blue triangles), with S2n ¼ 420 keV (open symbols)
and S2n ¼ 10 keV (closed symbols), respectively. The lines are
to guide the eye. The experimental data (solid circles) as a
function of the mass number of C isotopes are also plotted.
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Universality
plus the square of the Yukawa function for the two-valence
neutrons.

The square of the Yukawa function is known to be a
good approximation to the shape of a single-particle den-
sity at the outer region of a core with centrifugal barriers.
The assumed density is expressed as

!pðrÞ ¼ HO; !nðrÞ ¼
!
HO ðr $ rcÞ
!0 expð%"rÞ=r2 ðr > rcÞ;

(1)

where rc is the critical radius at which the HO function
crosses with the square of the Yukawa function and " is the
asymptotic slope of the tail, " ¼ 2

ffiffiffiffiffiffiffiffiffiffi
2#$

p
=@, where #

denotes the reduced mass of a single neutron and 20C.
We fixed $ to be S2n=2 ¼ 210 keV, or Sn ¼ 750 keV
[7]. The width parameter (aHO) of the core, chosen to be
2.22 fm so as to reproduce the present %R data of 20Cþ p,
is common to both protons and neutrons. The rc value was
used as a parameter. The resultant ~rm value with $ ¼ S2n=2
was 5:4' 0:9 fm for rc ¼ 5:39 fm and that with $ ¼ Sn
was 5:0' 0:8 fm for rc ¼ 3:90 fm, respectively, so as to
reproduce the present %R data of 22Cþ p. It should be
noted that both results overlap within their error bars. The
result is displayed in Fig. 2. It can be seen that the ~rm of 22C
does not follow the systematic behavior of radii in carbon
isotopes with N $ 14, suggesting a neutron halo.

We may not exclude the possibility that the large %R and
the radius of 5.4 fm are due to a deformation effect.
According to the ‘‘pairing-plus-quadrupole’’ model [25],
where the nuclear shapes are parameterized as rotational
ellipsoids with the deformation limited to the quadrupole

contribution, the spherical part of the nuclear radius (~rsph:m )

is increased by a factor of
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ 5

4&'
2
2Þ

q
. If the moderate

deformation of '2 (%0:258 predicted by the deformed
Skyrme Hartree-Fock model [26] is used, the increase is
only 1.3%. Hence it seems that the large radius is probably
not due to a deformation effect.
We then studied whether the configuration of two-

valence neutrons is ð0d5=2Þ2J¼0 or ð1s1=2Þ2J¼0, i.e.,
’ðr1; r2Þ ¼ ½(jðr1Þ(jðr2Þ*J¼0, where j ¼ 0d5=2 or 1s1=2.
We calculated %R with the FB approach under the finite-
range treatment as a function of the s-wave spectroscopic
factor f (the relative ratio of the wave function of
ð0d5=2Þ2J¼0 or ð1s1=2Þ2J¼0) in the following expression:

’ðr1; r2Þ ¼ f
ffiffiffi
f

p
½(1s1=2ðr1Þ(1s1=2ðr2Þ*J¼0

þ
ffiffiffiffiffiffiffiffiffiffiffiffi
1% f

p
½(0d5=2ðr1Þ(0d5=2ðr2Þ*J¼0g: (2)

In the analysis, each wave function (0d5=2ðrÞ and (1s1=2ðrÞ
was obtained by solving the Schrödinger equation in a
Woods-Saxon potential for a given value of S2n=2, with a
diffuseness parameter of 0.6 fm and a radius parameter of
1:2A1=3 fm. As for the core of 20C, we took the HO density
distribution with aHO ¼ 2:22 fm for both protons and
neutrons.
In Fig. 3, %R for f ¼ 1:0 and that for f ¼ 0:0 are

plotted, for two different values of S2n. It can be seen
from the figure that the discrepancy between the measured
%R and calculated %R for f ¼ 0:0 is much larger than that
for f ¼ 1:0 with S2n ¼ 420 keV (dashed lines). It de-
creases if we take S2n ¼ 10 keV instead (solid lines).
The pure 1s1=2 wave function (f ¼ 1:0) with S2n ¼
10 keV reproduced the measured %R for 22C within the
error bar of the experimental value. This indicates that two-
valence neutrons in 22C preferentially occupy the 1s1=2
orbital. The s-wave dominance is consistent with a theo-
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FIG. 2. The ~rm as a function of the neutron number of C
isotopes. The filled square and circles show the present result
and those determined at GSI [14], respectively, while open
symbols are the result of the calculation [22]. The lines connect
the open circles. The inset shows !pðrÞ (solid line) and !nðrÞ
(dotted line) of 22C for the determined parameter. See text.
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FIG. 3 (color). The %R for f ¼ 1:0 (red triangles) and that for
f ¼ 0:0 (blue triangles), with S2n ¼ 420 keV (open symbols)
and S2n ¼ 10 keV (closed symbols), respectively. The lines are
to guide the eye. The experimental data (solid circles) as a
function of the mass number of C isotopes are also plotted.
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Extension to four- and more body states
• Immanuel Kant: At dinner, never more than the Muses (9) or less than the Fates (3)


• Interest to connect few to many boys state


• Connection to high energy physics (tetra- and penta-quark)

A + A + A + A

D + A + AD + DT + A

(0,1)
4b

-

(0,2)
4b

(0)

0

2

3

…
3

4

4

• Also five observed!


•
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